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1. Introduction
The pendubot (pendulum robot) is a two-link planar robot, which first link (arm) is actuated
and second link (pendulum) rotates freely. The pendubot is a benchmark system for
under-actuated robot manipulators, i.e., they have fewer actuators than degrees of freedom.
The pendubot is also used for research in nonlinear control. Many studies have been proposed
to swing up and balance the pendubot. Spong and Block [1] applied the partial feedback
linearization approach to swing up the pendulum and used a linear quadratic regulator (LQR)
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to balance the pendulum. Fantoni, Lozano and Spong [2] utilized energy based control to
swing up and balance the pendulum by simulations. Zhang and Tarn [3] proposed hybrid
control to balance the pendulum. The hybrid control is composed of discrete-time control and
continue-time control simultaneously. Sanchez et al. [4] realized balance control of the
pendubot via fuzzy control. Combining linear regulator theory with Takagi-Sugeno fuzzy
technology, the tracking control is implemented. Craig et al. [5] implemented the arm-driven
inverted pendulum system as a mechatronic system design case study. The arm-driven
inverted pendulum is the same as the pendubot. Development of the swing-up and balancing
controller and development of the embedded controller for the arm-driven inverted pendulum
system are still continuations of their work. From another viewpoint, Tanaka et al. [6]
realized acrobatic game of the pendubot by simulations. The acrobatic game is keeping the
arm swinging periodically, while the pendulum maintains standing vertically.

The apparatus EMECS (Electro-Mechanical Engineering Control System) [7-9] used in this
paper is supplied by TeraSoft Inc. The main feature of EMECS is an embedded control system.
Because the digital controller of EMECS is the TMS320F2812 chip [10], EMECS can operate
stand-alone. The dc motor is driven by the PWM port of TMS320F2812 chip [8-10]. The
encoders of the dc motor and pendulum are linked to the QEP port of TMS320F2812 chip
[8-10]. The H_ control theory has been an important topic in control engineering since 1980.
By the endeavors of researchers all over the world, the H_ control theory has got a great
achievement. In this paper, the H_ control is applied to this DSP-based pendubot. The main
contribution of this paper is for the undergraduate control education. The pendubot is a kind
of the inverted pendulums and an original nonlinear unstable system. The appropriate controls
are necessary to maintain the robust stability. Hence, the pendubot is an excellent educational
tool and impresses students. From hands-on experiments, students can study various control
algorithms and realize how they work.

The H_ control is reviewed in Section 2. The system description is delineated in Section
3. The linear models of top and middle positions are derived in Section 4. The experimental
results are shown in Section 5 and conclusions are described in Section 6.

2. Reviewof H_ Control

Consider the linear time-invariant system

X=Ax+Bu (1)

y =Cx (2)

where x is the state vector and y is the output vector. A, B and C are system

matrices. The transfer matrix from u to y is H(s)=C(sl —A)'B.

Lemma :
If there exists a real symmetric matrix X >0 and real numbers » and ¢ such that
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ATX + XA+72XBB'X +52CTC <0 (3)

then ||H (ja))”w <y5. (4)

Proof:

Suppose inequality (3) is hold. Adding jwX to and subtracting it from (3) can obtain
—(= jeol = AT )X = X (jol — A)+ y 2XBBTX +62CTC <0 (5)

Left multiplying »*B' (— jol — AT )_1 and right multiplying »*(jwl — A)B can reduce

—0(jo)-Q7 ( jo)+ Q7 (- jo)jo)+ 15 HT (= jo)H(jw)<0 ©6)

}/2

where Q(jo)=y?B"X(jewl —A)"B. From (6),

RN : 1 ... .
[l -a(io)] 1 -(je)] <1 g (jo)H(jo) )
We can imply
-1 H'(joH(jo)>0, Vo ®)
Yo
and |H(jo) <5, Vo 9
H
Now, the torque disturbance is added to system, (1) can be rewritten as
X = Ax+Bu+Gw (10)
The regulated output is
Cx
z :LRl/qu (11)

where R>0, (A B) is stabilizable and (A,C) is detectable. The symbol w is the
disturbance. The state feedback controller

such that
. . ~\-1
. (io), =|Eliel -A) 6| <y (13)
where E = LR“ZKJ’ and A=A+BK , ¥ >0.From Lemma, there exists a positive real
symmetry matrix X such that
1
(A+BK) X +X(A+BK)+ LxaaTx +|c” kR | & |<0 (14)
7/2 Rl/ZK

Substituting XBR™B' X can reduce
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ATX + XA+y?XGG"X +C'C - XBR'B" X +

1 1 1 1
(KTRZ + XBR 2 J£R2K+R ZBTXJ<O (15)
If we choose the constant feedback gain as
K=-R'B"X (16)
Inequality (14) can be rewritten as
A"X + XA+ 72XGG"X +C'C —XBR'B"X <0 (17)

Hence if there exists a positive real symmetry matrix X satisfies the inequality (17), then

A=A-BR'B"X isstable and |T.(i@)|. <7 . The design procedure is given as follows.

Algorithm:
Step 1:  Choosing an arbitrary positive real number » smaller than the performance index,
solve the algebraic Riccati equation
A"X + XA+ 7 *XGG"X +C'C —XBR'B"X +4& =0 (18)
where & =1.
Step 2: If the solution X >0 of (18) exists, stop. If the solution does not exist, reduce the ¢
value and solve (18) again. If there is no solution for &<<1, increase y value and go back
to step 1.
3. System Description

Consider the DSP-based pendubot [7-9] as shown in Figures 1 and 2, the system variables

and parameters are defined as follows:

m, : mass of arm, m_ : mass of pendulum,
I, : length of arm, c, : center of gravity of arm, c : center of gravity of pendulum,
J, “inertia of arm, J,:inertia of pendulum,

0, - angular displacement of arm, &, : angular displacement of pendulum,

g : gravitational acceleration, 7, : torque generated by the dc motor.
The dynamic equation of motion can be derived by the Euler-Lagrange equation [1-6] and is
written as follows,

M (a)d +B(a,6)q +G(Q)=rmJ+LW1J (19)

0 W,
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%
where q:paJ and Lle is the disturbance torques,
W2

p

M| R Rr2Reost, PorReoss, | oo o [-Pd,sing, —P,(6,+6, )sino,
P, +P,cos0, P, P,0,sing, 0

P,cosd, + P, cos(é?a +0 )
G(Q){ pscos(0a+6’p) p }

1z, P,=J,+myc:, P,=m]l.c PA:(maca+mpIa)g,

2
and B =J,+m.c, +mI7, ong plaCp>

P, =m,c,g. The torque generated by the dc motor is

t, =Pv, —P,0, (20)
k.k, K; : . . . .
where Py=—">, P, = R R, is the armature resistance, v, is the applied voltage, k; is

the torque constant and k,, is the back-emf constant.
For controller synthesis, we require a state-variable description of the pendubot. This is

easily done by defining state variables x, =6,, x,=60,, X, =6, and x4:9p, and the

control inputis u=v, to get

X = Xq (21)
X, =X, (22)
%, = %{PZAl —(P, +P,cosx,)A, | (23)
X, = %{(F’l +P, +2P,cosx, )A, — (P, + P,cosx, A, } (24)

where A=P,(P, + P, +2P,cosx, )—(P, + P,cosx,
A, = Px,X, Sin X, + PyX, (X, + X, )sinx, — P, cosx, — P, cos(X, + X, )— P,X; + P,u+w, ,
A, =—P,xZsinx, — P, cos(x, + X, )+ W, .
4. Linear Models
There are two control objectives investigated for the DSP-based pendubot. The first control
objective is to stabilize the pendulum in the middle position equilibrium point, i.e., the arm is

downward and the pendulum is upward. The second control objective is to stabilize the
pendulum in the top position equilibrium point, i.e., the arm and the pendulum are all upward.
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In order to design the linear controllers, the nonlinear model (21)-(24) needed to be linearized.
In the middle equilibrium position, the state condition is

.
X % X x] :{? 7 0 O} and the linear state equations are

X, = X, (25)
X, =X, (26)

) 1
X3 = A_{(PSPS - Pz P4 )X1 + P3 P5X2 - Pz P6X3 + Pz I:)7u + P2W1 + (Ps - Pz)Wz} (27)

L

, 1
Xy :A_{(P1P5 - PP+ PP, - P3P4)X1 + PS(P]. - P3)X2 +(P, = PB)Pxs — (P, = Py)Pu

L
+(P = R)w + (P + P, —2P))w, } (28)
where A, =P,(P,+P,—2P,)—(P, —P,f. With the numerical values of physical parameters

given in [7-9], the state equation of the linear system (25)-(28) is

% 0 0 1 0fx 0 0 0
X 0 0 0 1 0 0 0 W,
ol 2, u+ 1 (29)
Xq —20.4948 10.8502 —-0.0683 0| X, 3.9047 2734 239.2 5
X, 73942 101.3689 -0.0598 0] x, 3.4166 239.2 4549.6
pe T
In the top equilibrium position, the state conditionis [x, X, X, X,] :[E 00 O}
and the linear state equations are
X, = X, (30)
X, =X, (31)

) 1
X3 = A_{(Pz I:)4 - P3P5)X1 - I:)3P5X2 - Pz P6X3 + Pz I:)7u + P2W1 - (Pz + Ps)Wz} (32)

L

.1
M:X{m&+&&—ga—&ayﬁwya+&yﬁ4g+gﬁg,4g+aﬁw

L
- (P +R)w, + (P + P, +2R;)w, } (33)
With the numerical values of physical parameters given in [7-9], the state equation of the
linear system (30)-(33) is

X 0 0 1 0 % 0 0 0
X | 0 0 0 1 x, N 0 u+ 0 0 W, (34)
Xy 20.4948 -10.8502 -0.0683 O | x, 3.9047 2734 -7859 || w,

X, 329524 1230693 0.1965 O] x,| |—-11.226 785.9 65999
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5. Experimental Results
The EMECS is utilized as the system hardware which is shown in figures 3 and 4. The
CCS IDE (code composer studio integrated development environment) is exploited for
controller software. The CCS includes a text-editor, a C-complier, an assembler, a debugger,
and a download tool. Users can realize control theories by use of C-algorithms. Considering

equation (19), w=[w, w,] is uncertain direct disturbance torque which is imposed on the

pendubot. The control objective is to reduce the bound |[T,,(je). . where the regulated

i Cx . . . .
output is z { ) J The control input is the applied dc terminal voltage v,. The control
u

Rl/

voltage limits are +24 volts.
In the mid equilibrium position, the state equation is (29). Using the algorithm in Section
2, the parameters of the algorithm are C=1,, R=1,, £=1 and y=1500. The MATLAB
command of solving the algebraic Riccati equation is care. The solution is
21545 290.90 2.63 29.93
290.90 419.60 3.70 42.88
2.63 3.70 046 0.32
29.93 4288 0.32 4.49
and the state feedback gain is
K=-[112.54 160.92 2.88 16.59].
The eigenvalues of the closed loop system are {-52.29,-9.37,-3.15+ j4.43} . The
experimental picture is shown in Fig.3. In the top equilibrium position, the state equation is
(34). Using the algorithm in Section 2, the parameters of the algorithm are C=1,, R=1,,
=1 and y =2500. The solution is
1340 1084 2416 106.3
1084 898.8 1953 875
2416 1953 437 192
106.3 875 192 8.6
and the state feedback gain is
K=[249.69 220.23 44.27 21.9].
The eigenvalues of the closed loop system are {-48.45-15.49,-2.83—6.33} . The
experimental picture is shown in Fig. 4. The system responses are shown in Fig. 5 and Fig. 6.
Figure 5 is the disturbance responses at mid position and figure 6 is the disturbance responses
at top position. From initiation to 5 seconds, the pendulum is swung up by hands. When the
pendulum is at the range of balance mode, the H_ state feedback control is initialized and

the pendulum is kept upward. When the pendulum is swung upward, we tap on the pendulum.
The responses of applied disturbances are shown in Fig. 5 and Fig. 6. The disturbances are
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attenuated quickly. The angle of the pendulum is maintained. From these experiments, the
H_ state feedback control is guaranteed to reject the disturbance effectively.
6. Conclusions

This paper presents an application of H_ control. The H_ control is utilized to attenuate
disturbances of pendubot. From the derived theoretic result, the derived feedback gain can
minimize the infinite norm of system for some degree. The necessary work is to solve the
algebraic Riccati equation in the proposed algorithm. For the experimental results, the H_
state feedback control is guaranteed to reject the disturbance effectively.

The pendubot is a benchmark system for under-actuated nonlinear systems. It is an
impressive control system for the undergraduate control education. Hence, this paper is
appropriate for the undergraduate curriculum. From these hands-on experiments, students can
study the microcomputer and C-program courses. It also inspires students to study control
theory curricula.
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Fig. 1. The DSP-based pendubot schematic
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Fig. 2. The simplified pendubot schematic
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Fig. 3. Mid position

Fig. 4. Top position
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Fig. 5. The disturbance responses at mid position
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Fig. 6. The disturbance responses at top position
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Abstract

The disturbance rejection control of the DSP(Digital Signal Processor)-based pendubot is
investigated in this paper. The H_ control method is utilized to reject disturbances and
maintain the robust stability. There are two equilibrium positions of the pendubot, one is the
middle position and the other is the top position. Both of these equilibrium positions are
derived and designed. The pendubot is a kind of the inverted pendulums and an original
nonlinear unstable system. The appropriate controls are necessary to maintain the robust
stability. The pendubot is also an excellent educational tool and impresses students. The
balancing control law used in this paper is the H_ state feedback controller. From the
experimental results, the H_ controller is guaranteed to reject disturbances and maintain
robust stability of the pendubot.

Keywords: H_ state feedback, Disturbance rejection, Pendubot, Digital signal processor.
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