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Abstract 

An analytical k‧p method is applied to calculate the optical transition strength 

of zinc-blende semiconductor quantum wells. Optical matrix elements and hole 

effective masses in quantum wells are presented in explicit mathematical forms. 

Calculations are performed for As/InPGaIn
0.470.53

 quantum wells. 

 

Key Words: anisotropy, optical matrix element, substrate orientation, quantum 

well 

 

摘  要 

一個解析式 k‧p方法，其被用來計算閃鋅半導體量子阱結構之光躍遷強

度。文中，光矩陣元與電洞有效質量以數學表示式清析呈現。並以

As/InPGaIn
0.470.53

量子阱為本文計算例子。 

 

關鍵詞：各向異性、光矩陣元素、基板方向、量子阱 
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1. INTRODUCTION 

Recent advances in growth technologies 

now enable the growth of high-quality 

semiconductor heterostructures on substrates 

with orientations other than the conventional 

(001) [1-3]. The general non-(001)-oriented 

planes have the potential as another crucial 

degree of freedom to offer device designers 

more flexibility in the tailoring of the band 

structure of the semiconductor heterostructures 

used in advanced optical devices [4-7].  

These processes yield a consequence of 

the alteration of the crystal symmetry in the 

different growth directions and also of the 

modification of the valence band structure. 

Moreover, the low-symmetry planes will 

result in the optical anisotropy on the  

growth surface [1,3,8,9]. Specifically, the 

in-plane anisotropy has been confirmed 

experimentally for epitaxial layers grown on 

differently oriented substrates, such as (110), 

(113), and (112) substrates [3,10-13]. 

As an alternative to the conventional 

k‧p method, an analytic expression for the 

k‧p Hamiltonian [14-16] can be obtained by 

expanding the Hamiltonian of the bond 

orbital model [15-17] in a Taylor series with 

respect to the wave vector k and then 

omitting the series terms higher than the 

second order in k.  

2. THEORETICAL METHODS 

Truncating the k‧p Hamiltonian in a 

matrix form and preserving only the 
8
Γ  

band, gives the 44×  Luttinger-Kohn 

Hamiltonian. At the Brillouin-zone center 

),0( == '' yx kk  this 44×  k ‧ p 

Hamiltonian for holes in a (11N)-oriented 

quantum well (QW) [in the basis ordering 

,2/3,2/3  ,2/1,2/3  ,2/1,2/3 −  

2/3,2/3 − ] can be written as [14,18] 
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where ''a  is the lattice constant, 
'z

k  is 

the wave vector along the growth 

direction[11N], θ ( 22sin
21
+=

−

N ) 

denotes the polar angle of the growth 

direction ( 'z ) relative to the ),,( zyx  

crystallographic coordinate system, a total of 

four interaction parameters exist, namely 

p
E , 

xx
E , 

xy
E , and 

zz
E , the first parameter 
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relates to the on-site orbital energy, while 

the remaining parameters represent the 

nearest neighbor interactions [15]. Note that 

the 44×  real symmetric matrix is along the 

directions of ],2//['
−

NNx  ],101//['
−

y  and 

N].11//['z  The matrix of this (11N)-oriented 

Hamiltonian becomes diagonal while the 

polar angle θ  is equal to o

0  (when ∞=N ) 

or o

7.5432sin
1

≈

− (when 1N = ), 

corresponding to situations in which the 

QWs are oriented to (001) or (111) surface, 

respectively. Except for (001) and (111), the 

(11N) surfaces own the non-diagonal matrix 

elements at zone-center and hence result in 

the zone-center mixing among the valence 

bands. 

3. CALCULATED RESULTS 

According to the secular equation in Eq. 

(1), the explicit form of the eigenvalues and 

eigenvectors can be expressed as  
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for the doubly degenerate eigenvalues and 
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Through out this paper, it should be noted 

that the upper sign )(+  refers to heavy hole 

(hh ), the lower sign )(−  to light hole ( lh ). 

    Using Eq. (2), we can arrive with the 

following analytical formula of effective 

hole-masses )( '

±
m  along the growth 

direction. Expressed in terms of interaction 

parameters, the effective masses, )( '

±
m  in 

units of free electron mass ),(
o

m  both for 

hh )(+  and lh )(−  in vicinity of the zone 

center can be written as 
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h is Planck's constant  

h takes the value of 6.6x10^-34 J.s 

The calculated results of hh  and lh  

effective masses as a function of the growth 

direction are shown in Fig. 1 for 

AsGaIn
0.470.53

 QWs.  
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Fig.1. Effective masses (in units of 

o

m ) of 

the heavy hole ( hh ) and light hole 

( lh ) as a function of polar angles. 

 

The hh  effective mass is found to 

have a strong dependence on the substrate 

orientation, but not the lh  effective mass. 

It is shown that the hh  effective mass 

exhibits its maximum value on the samples 

grown along the [111] direction, and its 

minimum value along the [001] direction. 

    For simplicity, a QW within infinite 

barrier height approximation is now adopted. 

Hence, the squared interband momentum 

matrices at the zone center for ,'−x  ,'−y  

and −'z polarizations can be calculated as 

[8,19,20] 
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respectively, where 
cv
P  is a momentum 

matrix parameter between orbital '' s  and 

'' p  states. =

2

b
M

2

cv
P31  is the bulk 

momentum matrix element. 

As a function of the substrate 

orientation, Figs.2(a)(b) and Figs.3(a)(b)  

show the calculated results (in units of 2

cv
P ) 

of the squared optical matrix elements for 

the hhc − and lhc −  transition, respectively, 

where ''c  denotes the conduction band. 

From these figures, it became clear that 

the optical properties of these QWs should 

be sensitive to the crystallographic 

directions of the epitaxial growth. 

Generally, the in-plane optical 

anisotropy ρ  is defined as 
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where 
2

'x
M  and 

2

'y
M  are the squared 

momentum matrix elements for the 

polarization parallel to the in-plane 

−'x direction and −'y direction, respectively. 

So, the in-plane optical anisotropy ρ  can 

be written as 
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Fig.2. The squared optical matrix elements 

(in units of 2
P

cv
) of the hhc −  

interband transition for (a) −'x  as 

well as −'y  polarization light and (b) 

−'z polarization light as a function of 

polar angles. 
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Fig.3. The squared optical matrix elements 

(in units of 2
P

cv
) of the lhc −  

interband transition for (a)  −'x  as 

well as −'y  polarization light and (b) 

−'z polarization light as a function of 

polar angles. 

Figure 4 illustrates the optical 

anisotropy ρ  of the hhc −  and lhc −  

interband transition. The result of this 

calculation shows that no in-plane 

anisotropy is induced for structures grown 

on (001) and (111) QW planes. The 

anisotropy reaches its peak value on (110) 

well plane. Since (001) and (111)-oriented 

QWs belong to 
h4

D  and 
3d

D  

high-symmetry point groups, respectively, 

their polarization properties are isotropic in 

the layer plane. Furthermore, other QW 

orientations have only low two-fold 

symmetry such as 
h2

D  for (110), and hence 
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their polarization properties are presented in 

anisotropy. A fundamental consequence of 

symmetry reduction is that the interplay of 

the zone-center mixing leads to anisotropy. 
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Fig.4. The degree of in-plane optical 

anisotropy of the hhc −  and lhc −  

transition as a function of polar angle. 

4. CONCLUSION 

    In conclusion, we have presented the 

explicit mathematical expressions of the 

optical transition matrix elements and hole 

effective masses. It has been shown that the 

(110) well plane exhibits the largest 

anisotropy among the various QW planes, 

but the (001) and (111) well plane are found 

to be completely polarization independent. 

The effective mass of heavy hole has been 

found to have a strong dependence on the 

substrate orientation, and it exhibits its 

maximum value on the samples grown along 

the [111] direction. Therefore, our 

investigation can offer useful guideline for 

the design of the polarization control 

devices. 
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