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ABSTRACT

Range control charts with variable sampling interval (VSI R chart) have better performance in
monitoring the variation of process standard deviation under normality. However, the process observations
may violate normality and follow a gamma distribution as a skewed distribution. This paper presented the
performance of VSI R chart under gamma distribution assumption. A comparative study shows that VSI R
chart has better performance than Shewhart R chart under normal and gamma distribution, but VSI R chart
will become un-sensitivity when the population is far away from normality.

Keywords: Range control chart; adaptive control charts; statistical design; Markov chain method; gamma
distribution
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1. Introduction

Shewhart X chart always assumes that the
process standard deviation remains unchanged and
then signals the mean variation. However, in real
processes, the standard deviation may occur shifts.
When the process standard deviation stays on an
initial value, the process is in-control state, but if the
standard deviation had shifted, the process state is
out-of-control. The shift occurrence of the process
standard deviation will cause the decreasing of the
process capability and the increasing of the
defective rate. If this shift of process standard
deviation or variance can not be quickly detected, it
is easy to cause higher loss.

Shewhart range chart (R chart) and Shewhart s
chart (s chart) can monitor variation of the process
standard deviation or variance. An R chart monitors
variation of standard deviation with sample range
which is the difference between the largest and
smallest observations of a sample of size n. An R
chart is easer than an s chart in set up control limits,
but its relative efficiency will be less than 85% of s
chart when sample size n > 10 often employs on
control charts. In addition, R chart and s chart are
un-sensitivity in detecting small shifts.

Many previous studies applied ideas of
adaptive control charts to improve efficiency of
Shewhart-type charts in detecting small process
shifts. Adaptive control charts include: variable
sampling intervals (VSI); variable sample sizes
(VSS); variable sample sizes and sampling intervals
(VSSI); variable sample sizes and control limits
(VSSC) and variable parameters (VP) control charts,
and their applications have successfully increased

the sensitivity of X chart in detecting small
shifts[3,7-11,17,18, 21-25,31,32]. Although
Costa[9,10] and Chou et al.[6] had performed the

designs of joint adaptive X and R charts and

indicated joint adaptive X and R charts have the
best efficiency when both mean and variance occur
small shifts. However, previous literatures never
clear evaluated performance of adaptive R charts

without jointing other X charts.

Statistical process control (SPC) methods are
often based on two assumptions: first, the sample
observations are statistically independent; second,
the process observations follow a normal
distribution. Violation of the normality assumption
can cause a serious problem when applying control
charts in process monitoring. Burr[1] notes that the
usual normal theory based control limit constants
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are very robust to the non-normality assumption and
can be employed unless the population is extremely
non-normal. Kao & Ho[l13] examined the
performance of an R chart and found the R chart is
robust to non-normality. Torng & Lee[30] presented
the performance of Tukey’s control chart under
non-normality. Chen & Cheng[4] and Chen[5]

studied respectively the designs of X chart and

VSI X chart under non-normality from the cost
viewpoint. Lin & Chou[14-17] had presented the
performances of the adaptive control charts under
non-normality. Torng & Lee[29] had examined

performances of double sampling )_( charts (DS
?( charts) and adaptive control )_( charts and
found DS X charts had good performance as well
as adaptive control )_( charts under non-normality.

VSI chart changes sampling interval of
Shewhart chart to monitor process. When the
sample point is close to the center line, the chart is
to use the long sampling interval to take sample. If
the sample point heavily deviates the center line but
does not fall out the control limits, short sampling
interval (4,) is used to monitor the process. VSI
chart can shorten the time to signal a process
variation, and it is easer to use than other adaptive
charts. In real industry, the process observations
always follow a skewed distribution. In this study,
we selected a gamma distribution as the skewed
distribution to examine and compare the
performance of VSI R charts under gamma
distribution assumption with Shewhart R chart.

2. Range control charts with variable
sampling interval

A random sample of size n is taken from the
population and the range of this sample is defined as

R = xmax - xmin .

A VSI R chart uses two different sampling
intervals. When the sample range R is close to the
average range, VSI R chart is to use the long
sampling interval (/#;) to monitor the process
standard deviation. However, if the sample range R
heavily deviates the average range but does not fall
out the control limits, short sampling interval (%,) is
used to monitor the process standard deviation.

A VSI R control chart as figure 1 employs
warning limits and control limits to divide the chart
into three regions: in-control region, warning region
and out-of-control region. Let respectively k£ and w
be as the control limit and the warning limit
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coefficients of VSI R control chart, the center line,
control limit and warning limit of VSI R control
chart are

UCL = [d,(n) + kd,(n)]o,
UWL = [dz(n)Jr wd, (n)]O'O

CL =d,(n)o, 0

where O, is the standard deviation of an

UCL —

LWL~

L™=
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in-control process; CL, UCL and UWL are center
line, the upper control limit and upper warning limit;

d, (n) is a coefficient for sample size n, that can
be estimated by E (R)/ o,; d, (n) is an another
coefficient for sample size 7, it can be obtained by
W / 0, . Tippett[28], Mahoney[20] and Kao
& Ho[13] had presented the calculations of d, (n)
and d, (n) when the population was following

normal distributions and non-normal distributions.

Out-of-control
region

Warmning region

In-controlregion

L& B | M

| %2 |

Sampling Interval

Figure 1 A VSI R char and its control procedure

Assumed standard deviation of the initial
process is an in-control state. First sampling will
take a sample size 7 to calculate the sample range R
and plot the sample range R on the control chart.
From the 1st sample point falls in in-control region,
interval of 2nd sampling will be %;, and then 2nd
sample range is plotted on chart. The 2nd sample
range falls in warning region, so the 3rd sampling
will use short interval /,, and plot the sample range
on chart. The 3rd sample point falls in in-control
region, and then the next sampling uses interval 4,
to take sample. From the 4th sample point falls in
in-control region, the 5th sampling will use 4, to
take sample for monitoring of standard deviation.
For 5th sampling result, the sample range falls out

_ x“"exp(~x/b)
e

AC:

where the a and b are respectively the shape
and scale parameters, and T'(e) is a gamma

function. The mean and variance of a gamma
distribution are ab and ab?, respectively. The values
of d, and d; of gamma distribution can be obtained
with a simulation approach, and the simulation
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the control limit, and then the chart indicates that
the process standard deviation is out-of-control.
Assumed ng, hy and ky are the sample size, sampling
interval and control limit coefficient of a Shewhart
R chart, respectively, when the Ay = hy, = hy, n = ng
and w = k = ky, the VSI R chart will become a
Shewhart R chart.

3. Design of VSI R charts under gamma
distribution assumption
3.1 d, and d; values of gamma distribution

The gamma distribution, denoted by G(a,b),
has the probability density function

x>0, a,b>0 (1)

procedure was coded with Matlab R2007a. This
simulation procedure is as follows:

(1) Generate n data from G(a,b) and calculate the
sample range R.
(2) Repeat step (1) 100,000 times to obtain 100,000
sample range R.
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(3) Calculate the expected value g, and standard

deviation o, of 100,000 sample ranges,

respectively.

(4) Calculate values of d; and ds by 2, /N ab’

and O, / vab® | respectively.

3.2 Performance indicators

Tagaras[27] presented several statistical
indicators of adaptive control charts, such as:

1. Average Time to Signal (ATS), which is
defined as the expected value of the time from the
start of the process to the time when the chart
indicates an out-of-control signal. ATS represents a
measure of the false alarm rate.

2. Adjusted Average Time to Signal (AATS), which
is defined as the expected value of the time from the
occurrence of an assignable cause to the time when
the chart indicates an out-of-control signal. AATS
represents the detection time of control chart when
the process mean has shifted.

Assumed the initial state of a process is in
control, and the process standard deviation is

O =0,. When an assignable cause occurs, the
process standard deviation shifts from the o = 0

to o=o0,=)y0, , shift size

o0 [%(7) Q12(7):|

%1(7) q22(7)

where ¥ s

where ¢, (7) indicates that when a shift ¥

is given, the probability that the sample range falls
in the jth region of the ith control chart. Here, j=1 is
the in-control region, and j=2 is the warning region.

Q11(7):‘I21(7/):P(RSUWL|51 :70'0):]*—{0):

a0>(7)= g (r)= PlUWL< R<UClo, = }/ao)zF(a):U—CL]— F(w

coefficient and can be estimated by y = 0, / o,.A

case of ¥ = 1 indicates the process standard

deviation is an in-control state. If y > 1, the

0, >0, . That is to say the process standard
deviation had shifted, and the quality of products
had become inferiority. For ¥ <1, the o0, <0,

it indicates the quality of products had be superior.
In general, a case of ¥ < 1 can not occur in real

process unless the process had already been
improved. Therefore, control charts only detect
shiftsof ¥ >1.

Lin & Chou[17] provided an easy approach to
calculate performance indicators of adaptive control
charts, and their approach can also be applied on
VSI R control charts. The ATS and AATS of a VSI
R control chart can be calculated from Markov
chain method, which includes the following three
transition states:

State 1. The process is in control and the
sample point falls in the in-control
region.

State 2. Process is in control and the sample

point falls in the warning regions.

State 3. The process is out-of-control.

Let Q be state transition probability matrix

@)

If the i = 1, using the long sampling interval (%)
monitors the process, and when the i = 2, the short
sampling interval (%#,) will be used in process
monitoring. Calculations of four elements of Q are
as following:

UWL] =F{a): d,(n)+wd, (n)} )
70y v
_ UWLJ
70 Y0y

“4)

_ F{w: d,(n)+kd, (n)}_ F{w: d,(n)+wd, (n)}

v

v
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where @ is relative given by

W= R/ o: F (a)) is the cumulative distribution

nJ
where n is sample size, f, (0

Fg (o

and cumulative distribution function of a gamma
distribution with parameters a and b, respectively.

range,

fg(x a,b)—Fg(x

a,b{Fg(x+a)

a,b) and

a,b) are the probability density function

Let h = [h; h,] be sampling interval vector, I be
an identity matrix with order 2 and r' = [r| r,] be

Sy

where p; will be conditional probability: the
probability that the given sample range is not falling

1-p,
1-p,

P
12

_P(R<uwL) Flo=UWL/s,)
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function of @, assumed process observations are
following a gamma distribution with parameters a

and b, and then the F (a)) is

n-1
a, b)} dx

©)

defined as a steady-state probability vector. When
the process is in control, the probability in the
in-control and warning regions of the control chart
can be used to calculate r'. Let P be the probability
matrix of an in-control process as in the following:

(6)

out the control limits but falling in the central region.
Calculations of p; and p; is as following

Flo=d,(n)+wd,(n)]

P =
The calculation of ¥ will be

1-p
l-p +p,

P,
l-p +p,

I'T

P> ="pr<uct) " Flo=UCLjo,)

— ™

Flo=d,(n)+ kdy(n)]

®)

The ATS of VSI R control chart can use Markov chain method to calculate as following:

ATS=r"(I-Q)'h

®

If the position of the shift within the sampling interval is uniformly distributed, and the another indicator

AATS will be
AATS =¥"|(1-Q)'h - 0.5h]
where

(1 — P )hz
Dol + (1 - D )hz

J 2
DPohy + (1 - P )hz

(10)

The sampling interval £ (h| Y= 1) of VSI R control chart for an in-control process are
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E(hly =1)= ATS(y =1)/ARL(y = 1)

3.3. Statistical design model

The four design parameters of a VSI R chart
are chosen taking into account a design model with
the aim of making it comparable with R chart and
other control charts. The objective function and
constraints of design model that will be set for the
design of a VSI R chart are: (1) that its in-control

Min  AATS(y >1)

s.t. ATS(;/ = 1)= T
Elify =1)=1,
h,>h,>h, >0
k>w>0

The parameter £ will be equal to the control
limit coefficient k) of a Shewhart R chart. The
decision variables of this design model only include
three parameters: w, 4, and 4.

Before solving of two models, the shift size
coefficient » and sample size n must be

determined first. This study assumes » = 1.1 and

n =3 and 5 for solving in view of fast detecting
small shifts. Matlab optimization toolbox applies a
nonlinear constrained optimization algorithm for
solving of nonlinear models. Matlab optimization
toolbox had been used to determine the parameters
of control charts[12,19,29]. The performance
indicators were coded with Matlab R2007a, and
optimization toolbox is then applied to solve design
parameters of VSI R charts.

4. Comparison and discussion
4.1. Choose the parameters of gamma

(11)

ATS takes a standard value 7, and 370.4 is always
used to be this standard value; (2) that its expected
sample size and sampling interval are equal to the
values of a Shewhart R chart, respectively; and (3)
that its out-of-control AATS value has to be
minimized. Therefore, the design model is the
following:

(12)

distributions

In this paper, we refer to Stoumbos &
Reynolds[26], Calzada & Scariano[2], Lin &
Chou[17] and Torng & Lee[29,30], and choose a =
4,2 and a fixed b = 1 for the gamma distribution.

Figure 2 shows the gamma distributions we
have selected and their corresponding normal
distributions that have the same mean and variance.
When a increases, the gamma distribution gets
closer to a normal distribution. Through the use of
these two types of gamma distributions, we can
understand the effect of skewness change on the
performances of control charts. These values of d,
and d; under gamma distribution assumption can be
obtained with a simulation approach in section 3.1,
and these values for sample size n = 3 and 5 are
listed in table 1.

0.4

0.3

0.2

0.1

0.0 -

(a) (b)
Figure 2. The probability density function for various gamma and normal distributions: (a) G(4,1) and N(4,4);
(b) G(2,1) and N(2,2)
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Table 1. These values of d, and d; under gamma and normal distribution assumptions for » = 3 and 5

n=73

n=>5

d

ds

d; ds

G(4,1) 1.6488 0.9586 2.2604 0.9642

G(2,1) 1.5983

1.0293
N(0,1) 1.1280 0.8530

2.2065 1.0567
1.6930 0.8880

4.2. A comparative study of VSI R charts

In this section, a comparative study is
conducted to evaluate the performance of VSI R
charts and Shewhart R chart (SR). The false alarm
rate of each chart is set to be equal, and so is the
in-control expected sampling interval of each chart,
such that the comparison can be conducted under
the same criteria. This study choose n = 3 and 5 and
ho =1 to be the criteria of in-control sample size and
sampling interval, respectively, and choose ¥ =
1.1, 1.2, 1.3, 1.4, 1.5, 1.75 and 2 to measure the
performance of control charts. The shift sizes
1< y < 1.5 were defined as small standard

deviation shifts, and shift sizes y >1.5 were
defined as large shifts.

Table 2 provides the optimal design parameters
of VSI R charts and R chart (SR) for various
population  probability distributions and the
performance of all control charts. The in-control
ATS values of all control charts are approximate
370.4. Table2 shows that AATS values of VSI R
charts are smaller than values of SR charts for all
population probability distributions. AATS values of

VSI R charts under gamma distributions are larger
than the value under normality.

In summary, performance of VSI R chart is
better than Shewhart R chart for detecting standard
deviation shifts under gamma distributions. When
the population is far away from normality, the VSI
R chart and Shewhart R chart will become
un-sensitivity in detection of standard deviation
shift.

5. Conclusions

In this study, we chose gamma distributions to
evaluate the performance of VSI R chart, and
compare its performance with Shewhart R chart.
From the evaluation of statistical performance, we
have found VSI R chart is not robustness to
non-normality, but it still has better performance
than Shewhart R chart for all shift sizes. If the
monitoring variable follows a skew distribution, the
observations should be transformed to follow a
symmetrical distribution as a normal distribution
before applied VSI R chart monitors the
observations for increasing the detecting ability of
standard deviation shift.

Table 2 Values of the ATS and AATS of VSI R charts and Shewhart R charts

n=3 n=>5
N(0,1) G(4,1) G(2,1) N(0,1) G(4,1) G(2,1)
SR  VSI SR  VSI SR  VSI SR  VSI SR  VSI SR VSI
n 3 3 3 3 3 3 5 5 5 5 5 5
k3363 3.363 9.557 9.557 6.647 6.647 3.237 3.237 10.026 10.026 6.791 6.791
w - 0.647 - 4.360 - 2.471 - 0.500 - 4.980 - 2.690
hy 1.00 1.29 1.00 1.10 1.00 1.10 1.00 1.37 1.00 1.10 1.00 1.10
h, - 0.10 - 0.10 - 0.10 - 0.10 - 0.10 - 0.10
4 ATS
1.00 370.64 370.38 370.20 370.59 370.44 370.49 370.38 370.38 370.16 370.70 370.16 370.16
AATS
1.10 134.18 124.10 172.42 166.12 194.30 187.82 113.42 99.99 157.24 149.78 185.58 177.64
1.20 61.67 52.88 92.45 8543 112.15104.50 46.27 3595 7821 70.26 101.57 92.46
1.30 33.48 26.79 55.09 48.76 70.19 6296 23.06 15.97 43.80 37.37 60.44 52.09
1.40 20.51 1545 35.62 30.21 46.95 40.53 1327 835 26.89 21.22 38.64 31.45
1.50 13.74 9.84 2456 19.99 33.16 2757 849 498 17.75 13.13 26.22 20.15
1.75 6.57 434 1190 1020 16.59 1265 379 2.08 792 509 1212 8.13
200 398 256 703 489 992 704 223 130 442 260 683 4.12
25

uli



EZGHE Y S el
BT 99.09

References

1.

10.

11.

12.

13.

Burr, 1. J., The effect of nonnormality on

constants for X and R chart, Industrial
Quality Control, 1967, 23(11), pp.563-569.
Calzada, M. E. and Scariano, S. M., The
robustness of the synthetic control chart to
non-normality, Communications in
Statistics-Simulation and Computation, 2001,
30, pp.311-326.

Celano, G.,, Robust design of adaptive control
charts for manual manufacturing/inspection
workstations, Journal of Applied Statistics,
2009, 36, pp.181-203.

Chen, H. F. and Cheng, Y. Y., Non-normality
effects on the economic-statistical design of

X charts with Weibull in-control time,
European Journal of Operational Research,
2007, 176(2), pp.986-998.

Chen, Y. K., Economic design of X control
charts for non-normal data using variable
sampling policy, International Journal of
Production Economics, 2004, 92(1), pp.61-74.
Chou, C. Y., Wu , C. C. and Chen, C. H.,
Joint economic design of variable sampling
intervals X and R charts using genetic
algorithms, Communications in
Statistics-Simulation and Computation, 2006,
35, pp.1027-1043.

Costa, A. F. B., X charts with variable
sample size, Journal of Quality Technology,
1994, 26, pp.155-163.

Costa, A. F. B., X chart with variable
sample size and sampling intervals, Journal of
Quality Technology, 1997, 29, pp.197-204.

Costa, A. F. B., Joint X and R charts with
variable parameters, IIE transactions, 1998,
30, pp.505 —514.

Costa, A. F. B, Joint X and R charts with
variable sample sizes and sampling intervals,
Journal of Quality Technology, 1999, 31,
pp-387-397.

De Magalhdes, M. S., Costa, A. F. B. and
Epprecht, E. K., Constrained optimization
model for the design of an adaptive X chart,
International Journal of Production Research,
2002, 40, pp.3199-3218.

De Magalhdes, M. S., Epprecht, E. K. and

Costa, A. F. B., Economic design of a Vp X
chart, International Journal of Production
Economics, 2001, 74, pp.191-200.

Kao, S. C. and Ho, C., Robustness of R-chart
to non normality, Communications in

26

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Statistics-Simulation and Computation, 2007,
36, pp.1089-1098.

Lin, Y. C. and Chou, C. Y., On the design of
variable sample size and sampling intervals

X charts under non-normality, International
Journal of Production Economics, 2005, 96(2),
pp-249-261.

Lin, Y. C. and Chou, C. Y., On the design of

variable sampling intervals X charts under
non-normality, International Journal of
Industrial Engineering: Theory, Applications
and Practice, 2005, 12(3), pp.246-255.

Lin, Y. C. and Chou, C. Y., Robustness of the

variable sample size and control limit X
chart to non normality, Communications in
Statistics-Theory and Methods, 2005, 34(3),
pp.721-743.

Lin, Y. C. and Chou, C. Y., Non-normality and
the variable parameters X control charts,
European Journal of Operational Research,
2007, 176, pp.361-373.

Lin, Y. C., The variable parameters control

X charts for monitoring autocorrelated
processes, Communications in
Statistics-Simulation and Computation, 2009,
38, pp.729 — 749.

Mabhadik, S. B. and Shirke, D. T., A special
variable sample size and sampling interval X
chart, Communications in Statistics - Theory
and Methods, 2009, 38, pp.1284 - 1299.
Mahoney, J. F., The influence of parent
population distribution on d,, IIE transactions,
1998, 30, pp.563-569.

Prabhu, S. S., Montgomery, D. C. and Runger,
G. C., A combined adaptive sample size and
sampling interval X control scheme, Journal
of Quality Technology, 1994, 26, pp.164-176.
Prabhu, S. S., Runger G. C. and Keats, J. B.,
X chart with adaptive sample sizes,
International Journal of Production Research,
1993, 31, pp.2895-2909.

Reynolds, M. R. Jr., Shewhart and EWMA
variable sampling interval control charts with
sampling at fixed times, Journal of Quality
Technology, 1996, 28, pp.199-212.

Reynolds, M. R. Jr., Variable-sample-interval
control charts with sampling at fixed times,
IIE transactions, 1996, 28, pp.497-510.
Reynolds, M. R. Jr., Amin, R. W., Arnold, J. C.
and Nachlas, J. A., X charts with variable
sampling intervals, Technometrics, 1988, 30,

pp-181-192.
Stoumbos, G. and Reynolds, M. R. Jr,
Robustness to non-normality and

uli



27.

28.

29.

autocorrelation of individuals control charts,
Journal of Statistical Computation Simulation,
2000, 66, pp.145-532.

Tagaras, G., A survey of recent developments
in the design of adaptive control charts,
Journal of Quality Technology, 1998, 30,
pp-212-231.

Tippett, L. H. C., On the extreme individuals
and the range of samples taken from a normal
population, Biometrika, 1925, 17, pp.364 -
386.

Torng, C. C. and Lee, P. H., The performance

of double sampling X control charts under
non-normality, Communications in
Statistics-Simulation and Computation, 2009,
38, pp.541-557.

27

B ARREE 2 FEE 1B (F Gamma 53 BB Y B I S08ET

30.

31.

32.

Torng, C.C. and Lee, P. H., ARL Performance
of the Tukey’s Control Chart,
Communications in Statistics-Simulation and
Computation, 2008, 37(9), pp.1904-1913.
Zimmer, L. S., Montogomery, D. C. and
Runger, G. C., Evaluation of a three-state
adaptive sample size X control chart,
International Journal of Production Research,
1998, 36, pp.733-743.

Zimmer, L. S., Montogomery, D. C. and
Runger, G. C., Guidelines for the application
of adaptive control charting scheme,
International Journal of Production Research,
2000, 38, pp.1977-1992.

uli



