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Abstract: In many production process, upward
and downward shifts of process mean imply
different losses. But the most literature don't
involved this issue. To meet the need of quality
control in these situations, this paper proposed two
X charts with asymmetric sampling intervals.
Numerical results indicate that, comparing with
standard Shewhart charts, using asymmetric
sampling intervals is more efficient in detecting the
shifts in one direction, without ignoring the shiftsin
the other direction. Using the warning limit may
speed up in detecting the shiftsin one direction.
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1 Introduction

In the production process, for some quality
characterigtics, the value of observation is greater
or less than the target value, which implies
different losses for the producers. For example, a
product line aims at producing the bearings
whose diameter are 5cm. It is clear that the
diameter is5.2cmor  4.8cm for the products not
making the same loss. However, up to date, this
issue has not been fully reflected in the control
charts, and this asymmetry may be very
important in terms of the producers in practice.
Under this circumstances, it is very necessary to

design control charts which have different

sensitivity for positive and negative shifts.
Without loss of generality, assume that positive
shift of the process mean is even more important.

The main idea of an asymmetric sampling
intervals chart(ASI) is. if the current sample
point falls in the upper control zone, the natural
inclination in this situation would be to take
another sample quickly, such as in 10 minutes,
rather than wait the usual an hour for the next
sample; but if the sample point falls within the
lower zone, it might be reasonable to wait
another time intervals for the next sample. Thus
the length of the sampling intervals depend on
where the current sampleis.

The idea of using a variable sampling
interval (VSI) wasfirstly proposed by Reynolds et
al (1988) for theX control chart. Next, they used
the VSI in CUSUM charts(Reynolds et al,1990).
Saccucci et a(1992) proposed the VSI EWMA
Baxley(1995)studied  the
application of it.Coast(1997), Prabhu et a(1994)

charts. practica
used the variable sampling interval and sample
size(VSS) in the X
G.Celano(1999) integrated the VSI, VSS and run
test into

control  chart.

the standard Shewhart control
chart.Costa(2006), Lin(2007) combined the ideas
of varying sample size,varying sampling intervals

and varying control limits to the normal process
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and the non-normal process,respectively. Jensen
et a (2008) shows that the impact of parameter
estimation on adaptive control  charts
performance must be taken into consideration.Shi
et al(2009) studied a new variable sampling
control scheme at fixed times for monitoring the
process dispersion. Li(2009) studied adaptive
charting schemes based on double sequential
probility ratio tests. The results al showed that
the use of a VSI idea could speed up in the
detecting the shifts of the process mean.

The above literatures assumed that it was
symmetric about the centrer line in the use of
varing sample interval.As a result, it may be
inadequate to reflect the working conditions. So
this paper used the VSI idea that trying
asymmetric sampling intervals to cope with the
asymmetriy of the loss.

The idea that to give the control charts
warning limits can speed up in the detecting the
shiftsin the process mean, which was used in this
paper.

This paper firstly proposed X charts with
asymmetric sampling intervals and numerica
results were given. Then the control charts were
added a warning limit in the upper control zone
in order to speed up in detecting the upward
shifts of the process mean. Finally, we used three
kinds of sampling intervals. The initia
performance and the steady-state performance all
indicated that using asymmetric sampling
intervals is more efficient in detecting the shifts
in one direction, without missing the shifts in the

other direction.

2 The ASlI X Charts
2.1 The ASI X Charts Design
Consider the situation in which the

distribution of observations from the process is
normal with mean » and known variance o,
where 1, denotes the value for the in-control
process mean. When some assignable cause
occurs, the process mean shiftsfrom g, to

i =, +oly/n, where n is the sample
size.

Now the standard X chart is used for
monitoring a process .Assume that random
samples of size N are takenthen a each
sampling point the mean is computed, and plotted
on a control chart with centerline £z, and control
limits g, + 70‘/\/ﬁ Wwherey is frequently taken
to be 3. When the sample mean falls outside the
control limits, asignal is given,then the search for
the assignable cause is undertaken. Either prove it
afalse-alarm or remove the assignable cause. The
control zone is divided into two parts as follows:
Upper control zone:

ly =[o, 11+ yo IN).
Lower control zone:

I = (xo _?/U/\/ﬁuuo) .

The length of the sampling intervals depend
on where the current sample is. If the current
sample mean falls in the upper control zonel
then it is reasonable to take the next sample by
waiting the time h, in order to improve the
capacity in detecting the upward shifts. On the
other hand, if the current sample mean fallsin the
lower control zonel , then it is reasonable to

take the next sample by waiting the timeh,. The
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quality characteristic of the product falling in the
upper zone, which gives rise to a larger quality
loss. Soh, will be smaller in order to quickly find
the shift which causes a large quality loss. Of
cause the first sampling interval should select
h, to make these charts more sensitive to start-up

problems.

2.2 The Statistics Properties of ASI X
Charts

The statistical properties of variable
sampling interval control charts are decided by
the time which is needed to give a signal .Average
timeto signa ( ATS) isthe exceped value of the
time from the start of the process to the time
when the chart signals. Adjusted average time to
signal ( AATS)is the expected value of the time
from the occurrence of an assignable cause to the
time the chart signals.

Aslong as the control limit is fixed, thereis
no impact on the probability of X falling outside
the control limits to change the sampling
intervals. Whatever value the sampling interval is,
the probability X falls outside the control limits
is

q=Pr(X <y, —yo/~nor

)?Z,uojtyalx/ﬁ) (1)

If N =number of samples after the process
shift until asignal,when there is no changesin the
process.The distribution of N is geometric with
parameter (] .So the average run length ¢ ARL )
is

E(N)=1/q @)

Let R be the sampling interval used before

the i th sample,then

h, if

h, if X,el,

X4 €ly

R =h(x,)= { 3

2.2.1 Initial Performance Measure of Charts

Suppose that the process mean changed at 0
time.

If T =the time untile giving a signal ,
thenT=>"R.

As the process mean is fixed ,it follows that

R,R,,

distribution.According

Ry is independent and identical
to wad Equation,we

obtain

ATS = E(N)E(R) @

Let p, = p(h(x)=h)=p(xely) .

=p(h(x)=h,)=p(xel,), j=12,
then
Py P
E +h,
(R)= hl ~q 27— q ©)

where the probability is a conditional probability
when the chat doesn't aam, and

p, + P, =1-q<1. Then weobtain

ATS — pU |’Il + pL h2

(6)
q1-a) q(-q)

where q and P, , p,_ depend on the value of
M ,and the probabilities under z, will be
denoted by qQ, and p,, , P,. and the
probabilitiesunder 4, by g, and Py, , Py -
2.2.2 Steady-state Performance Measure of
Control Charts

In practice it is more usual that the shift in
the process mean doesn’t occur at the beginning

but at some random time in the future. For such
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case the appropriate measure to the statistics
performance of a control chart is AATS that is,
the average length of time from shift to signal.

Suppose 1: the probability of which the
process mean change happens at one interval isin
proportion of the product of which the length of
this interval and the probability what the process
in control of theinterval .

Suppose 2: the time between the process
mean getting changed and the next sample

follows uniform distribution. Then, we have
AATS = E(Y) +[E(N) —1]E(R )

— h12 pOU + h22 pOL + h1p1u + h2 plL
2(h,pgy +h, Py, ) ol

(7)

where Y is the time from the process shift until

the next sample.

2.3 The Results of ASI X Charts

In order to control the cost of sampling and
inspection, the general assumption is that fixed
sampling resources are used when the process is
in-control  state, that is, fixed-sample-size
samples are taken under the conditions of using
fixed sampling intervals. Design ASI X charts
to make E(R) equa to afixed sampling interval
h, whenu = y,.

When 1 = u, thereis

E(R|,U=,Uo) — hlp0U +h2 pOL (8)
1-q,

where
Pou :p(ﬂ0<)z<ﬂo+y0/ﬁ|ﬂ:ﬂo)’

Por = Pt = o NN < X < ptg | 11 = t5).

So we obtain Py, = Py =1-9,)/2 and
h,+h, =2h,.

The value of h, has no effect on the
anaysis of resultsfor ease of comparison,we
select h, =1.

Table 1 gives different combinations of
sampling intervals (h;,h,) and the values of
ATSand AATS under arangeof ¢ .

From table 1 ,we can see,

(1) Just asintuition, the smaller valueof h,,
the faster upward shifts of the process are
detected. With the increase in the values of
h and the decrease in the values of h,, the
speed differences become smaller in detecting
shifts in  different  directions.  When
h, = h, = h,, the asymmetric sampling intervals
control charts are degraded into standard
Shewhart charts. If absolute value of the shifts
magnitude in the process mean is the same value,
the detecting speed is also the same.

(2) The speed of ASI charts is significantly
faster than that of the Shewhart charts in
detecting the upward shifts of the process
mean,and the larger shifts magnitude ,the more
obvious effect.

(3) The faster speed in detecting the positive
shifts of the process mean is at the cost of the

lower speed in detecting the negative shifts.

3 X Charts with A Warning Limit
(WASI)
3.1 The Description of WASI X Charts
In order to speed up in detecting the upward

shifts of the process mean, the control charts are
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added awaring limit 2, + ko / /N between the
center limit £, and the upper control limit
o +]/(7/\/ﬁ, where0 < K < y . So the whole
control zone are divided into three parts:

the upper warning zone

A

|1:[ﬂo+k0/\/ﬁiﬂo+70/\/ﬁ)
the upper center zone
I, =0 7ﬂ0+k0/\/ﬁ)

the lower control zone

ly= (o —yo 1NN, 11o)

1. +verlAIn

1o + ko /4/n

n

Ho _70'/\/ﬁ

1 2 3 456

Figl the asymmetric sampling intervals control chart with a warning limit

Table 1 The comparisons of asymmetric sampling interval X charts and the matched FSI X charts

(- o) Theinitional performance The steady-state performance
o (0.1,1.9) (0.51.5) (0.8,1.2)(1.0,1.0) (0.1,1.9) (0515 (0812 (1.0,1.0)
0.0 37040 37040 37040 370.40 370.30 37020 369.92  369.90
0.5 102.22 125.78 14345 15522 102.47 12559 143.04 154.72
1.0 17.21 2907 3797 4389 17.73 29.04 3762 43.39
15 342 8.56 12.40 14.97 4.10 8.61 12.09 14.47
20 0.94 3.32 511 6.30 1.69 3.42 4.82 5.80
3.0 0.21 1.01 1.60 2.00 1.01 113 1.32 1.50
4.0 0.12 0.59 0.95 1.19 0.92 0.72 0.67 0.69
-0.5 208.23 184.67 167.00 155.22 207.79 184.10 166.45 154.72
-1.0 70.58 5872  49.82 43.89 69.87  58.00 4921  43.39
-15 26.51 21.38 1753 1497 25.64 20.58 16.88 14.47
-2.0 11.67 9.28 7.50 6.30 10.72 8.44 6.83 5.80
-3.0 3.79 2.99 2.40 2.00 2.80 212 1.72 1.50
-4.0 2.26 1.78 143 1.19 1.26 0.91 0.75 0.69

Note: Theabovetableuses y =3, and(-,-) isthevaueof (hy,hy) .

Sampling rules: each time collect a sample
with a fixed size n, and then calculate the
sample mean X , if X falls within the zonel,, a
short sample interval d; is chosed as the next
sampling interval to improve the charts in
detecting the upward shifts ; if X falls within

the zone |, , we choose a longer sampling

interval d2; if X falls within the lower control
zonel 5, we choose a medium length d, asthe
sampling interval;if X falls outside the control
zone, a signal is given.The sampling function is
marked for d(X).

Let R be the sampling interval used before

the i th sample,then

uli
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d, if X_,el,,
R=d(X.)=yd,, if X, el ©)
d,, if X,el..

3.2 Statistics Efficiency Measure of

WASI Charts

3.2.1 Initial Performance Measure of Charts
Suppose that the process mean changed at 0

time. Asthe process mean isfixed ,it follows that

R ., R,,--- Ry is independent and identical

distribution.According to Wald Equation,we

obtain

ATS=E(N)E(R) (10)
Let

p, =Pr(d(x)=d;)=Pr(xel,) j=123,

then

E(R):dllpl +d P

P;
d
g 21_q+ 31_q (11)

where the probability is a conditional probability,

at the time the chart doesn't alarm, and we have

p, + P, + P; =1-0 <1. Then we can obtain

P,d;
ql-aq)

ATS — pldl + p2d2
qd-0a) qd-aq)

(12)

where gand p; depend on the value of x ,and
the probabilities under £, will be denoted by
goand P,; and the probabilities under 1 by

qandp,.j=123.

3.2.2 Steady-state Performance Measure of

Control Charts

In practice it is more usual that the shift in
the process mean doesn’t occur at the beginning
but at some random time in the future.For such
case the appropriate measure to the satistics
performance of a control chart is AATS,that
is,the average length of time from shift to signal.

The same assumption as (2.2.2), we obtain
AATS = E(Y)+[E(N)-1E(R)

_ A7 py; +d3 P, + 03 Py
2(d1 pOl + d2 p02 + d3 p03)

LGPy + 0y Py, + 03Py
e

(13)

where Y is the time from the process shift until

the next sample.

3.3 The Comparisons of WASI and
Shewhart Charts and  Sensitivity
Analysis

In evaluating the usefulness of the
WASI X charts, it seems natural to compare the
the performance of the WASI X charts to the
standard Shewhart. i.eFSI X charts. If the two
charts had the same control limits z, £ yo / \/ﬁ \
then they should have the same value of and
average run length, which means that the
sampling intervals WASI X charts use don't
affect the samples numble until asignal isgiven.
Conveniently, let the length of sampling
interval used by a fixed sampling interva
(FSh)Ichart be one unit of time. For example, if
one sample is checked every 2 hours in a fixed
sampling interval chart, then let two hours be one
time unit. So the value of ATSof aFSl X chart
is equal to the value of its average run length.
Design a WASI X chart to make the length of an

average sampling interval E(R) in control
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state( 1 = ) equal to one time unit , then
during an in-control period the two controls have
the same value of ATS,that isthe two charts are
matched with each other.

Compare the values of ATS of two different
charts based on g, (g # 1y ) in order to
determine which chart is better in detecting the
shifts of the process mean.

Using three sampling intervals, when
U = U, requiresE(R ) =1,which means

d; Py, +d, Py +dspgs =11, (14

For the fixed value of ¥, given the values

ofd,,d,andd,, we obtainfrom (14):

1- Jo + 05d2 + 05d3 - dl‘b(}/) - dsq)(}/)

k=ad(
dp —dy

)

and the three zones |, ,l,and |, dso are
obtained.From

d1 Por + dz Poz + d3 Pos =1- o »

Po1 + Poz + Poz =1- 0 -
2Py =1-0q,,
and py; >0, Py, >0, weobtain
0<d, <2-d;<d,.
When ,u:,u0+50/\/ﬁ, thereis
4 =2-@(y = 6) = D(y +9),
P = @(y = 6) - (k- 9),
P, = D(k—-0) + D(-95)
Pis = O(=6) - (-7 -9) .

Table2, 3 give the initial performance and
the steady-state performance of WASI X charts,
respectively, based on the values of 6 under the
different combinations of sampling intervals.

The results given in tables 2,3 show the

following:

1. d, =1 means that WASI charts use the
same sampling intervals as FSI charts, when the
sample mean falls between the center line and the
lower control limit. The WASI chart is
consistently faster than the Shewhart chart for the
upward shifts, especialy, for the greater upward
shifts, thevalue of  its ATS is much smaller than
that of the Shewhart chart. The efficiency is
improved very obviously. However, for the small
or medium downward shifts of the process mean,
the performance of the Shewhart chart is better;
when great downward shifts (0 < —2.5) occur,
the speed in detecting downward shifts of WASI
charts are no significent diffierents, because of
the probability of a sample mean falling under the
center line is p(u, < X) = ®(5)at this time.
For example, when & = 3, p(x, < X)
=0.99865, the samples amost fal under the
center line, so amost d, =1 isat work, just as
the standard Shewhart X chart is at work. This
makes upward shifts detected rapidly without
missing downward shifts.

2. Thebigger value of d,, the faster speed
in detecting the upward shifts of the process
mean , a the same time, the lower speed in
detecting the downward shifts we get.

3. Thevalueof d, hasagreat effect on the
stetistic efficiency of WASI charts. The smaller
value of d,, the greater effect on the statistical
efficiency of WASI charts. Because the small
value of d; can quickly respond to the upward
shifts of the process mean, and this can speed up

in detecting the upward shifts.
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Table 2 The comparisons of WASI X charts and

matched FSI X charts (the initial performance)

d3=10

d3 = 12 d3 = 15

In(u - po)
(e

FS X | (0.1,1.9)(0.5,1.9) (0.5,1.5) | (0.1,1.9) (0.5,1.9) (0.5,1.5) | (0.1,1.9) (0.5,1.9) (0.5,1.5)

0.0 370.39 37040 370.40 370.40 3
05 15522 13196 136.15 142.30 1
1.0 43.89 28.02 30.20 35.07

15 14.97 6.42 7.25 10.22
20 6.30 172 201 3.75
3.0 2.00 0.27 0.30 1.04
4.0 119 0.12 0.13 0.59

70.40 370.40 370.40 370.40 370.40 370.40
2313 12535 134.04 112.47 125.78 125.78
2454 2562 31.89 2063 29.07 29.07

5.38 5.75 9.28 4.29 8.56 8.56
142 155 3.50 114 3.32 3.32
0.24 0.25 1.02 0.22 101 1.01
0.12 0.12 0.60 0.12 0.59 0.59

-05 15522 164.71 16226 160.51 17591 17441 171.34 191.07 184.67 184.67
-1.0 43.89 4649 4572 45.33 52.34 5184 5108 60.61 58.72 58.72
-15 14.97 1550 15.33 15.26 18.07 1795 1781 21.80 21.38 2138

-2.0 6.30 6.40 6.37 6.36 7.60 7.58 7.55 9.37 9.28 9.28
-3.0 2.00 2.00 2.00 2.00 2.40 2.40 2.40 3.00 2.99 2.99
-4.0 119 119 119 119 143 1.43 143 1.78 1.78 178
k 0.67 0.92 0.67 0.51 0.67 038 0.28 0.00 0.00 0.00

Table 3 The comparisons of WASI X charts and matched FSI X charts (the steady-state performance)

d3 =10

d3 = 12 d3 = 15

5 | F9X | (0.1,1.9) (05,1.9) (0515) | (0.1,1.9)

(0.5,1.9) (0.5,1.5) (0.1,1.9) (0519 (0515)

0515472 131.81 140.00 14194 123.05 133.15 133.75 11251 12559 12559
1.0 83.39 28.08 3395 3484 2470 3149 3174 20.93 29.04 29.04
15 1447 6.69 9.83 10.10 573 9.18 9.24 477 8.61 8.61
20 580 215 3.68 3.72 191 3.52 351 172 342 3.42
30 150 0.84 113 1.08 0.83 111 1.08 0.88 113 113
40 0.69 0.72 0.71 0.66 0.73 0.70 0.67 0.78 0.72 0.72
-05 15472 164.39161.46 160.04 175.49 171.34 17081 190.60 184.10 184.10
-1 83.39 46.13 45.36 44.87 51.86 50.69 50.49 59.99 58.00 58.00
-1.5 1447 15.17 14.96 14.81 1757 1726 17.19 2111 20.58 20.58
-20 5.80 6.09 598 591 711 6.96 6.93 8.65 8.44 8.44
-3.0 150 170 161 156 191 1.80 177 2.26 212 212
-4.0 0.69 0.89 0.80 0.75 0.94 0.83 0.80 1.05 0.91 0.91
k 0.67 0.46 0.67 0.51 0.27 0.38 0.28 0.00 0.00

Note: Theabovetwotablesuse y =3, and(-,-)isthe

4. The better initia performance of control
charts in detecting the upward shifts is, the
greater difference between d, and d; with
d, fixed. While the smaller value of d,, the
better the steady-state performance.

5. Table2, 3 chose the forms matched with

thetable 1, that is, if the sample falls within the

value of (dy,d5) .
lower control zone,we chose 1.0, 1.2 and 1.5 as
the length of sampling intervals respectively.
Results show that adding a warning limit may
speed up in detecting the upward shifts of the
process mean , and the effect is very evident. For
examplewhen (d,,d,,d,) =(0.1,1.9,1.5) and
0=15, thee is ATS=4.29 , but

uli
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ATS = 8.56 corresponding to no warning limit .

4 Conclusions
Based on variable sampling intervals,this
paper designes asymmetric sampling intervals X

charts. The results showed that, comparing with
standard Shewhart charts, using asymmetric
sampling intervals is more efficient in detecting
the shifts in one direction, without ignoring the
shiftsin the other direction,and using the warning
limit may speed up in detecting the shifts in one
direction.A similar chart can be designed when it

isinterested of the downward shifts.

Acknowledgment
This work is partially supported by the Key Project of
National Statistical Research Plan(Grant N0.2009LZ010)
and Educational Commission of Zhejiang Province of

China (Grant No. Y 200907082).

References

[1] Baxley.R.V..JR.. An application of variable sampling

interval control charts [J.Journa of Quality
Technology,1995, 27:275-282.

[2] Celano.G,-Costa, A.F.B. Satistical design of
variablesample size and sampling interval X control
charts with run rules [J]. Int J Adv Manuf Technol,
2006, 28:966-977.

[3] CostaA.FB, X charts with variable parameters[J].
Journal of Quality Technology, 1999, 31:408-416.

[4] Costa,A.FB.X charts with variable sample size and
sampling intervalgJ]. Journal of Quality Technology,
1997,29:197-204.

[5] Jensen W A,Bryce G R,and Reynolds.Jr MR. Design

issues for adaptive control charts[J].Quality and

Reliability Engineering International,2008,24:
429-445.

[6] Lihui Shi,Changliang Zou,Zhaojun Wang and Kapur
K.C. A new variable sampling control scheme at
fixed times for monitoring the process dispersion[J].
Quality and Reliability Engineering International,
2009,25: 961-972.

[7] Park.C and ReynoldsJR. Economic design of a
variable sampling rate X chart[J].Journal of Quality
Technology,1999,31(4):427-443.

[8] Prabhu,S.S.,Montgomery,D.C,Runger,GC.A
combined adaptive sample size and sampling intervals
X control scheme[J]. Journal of Quality Technology,
1994, 26:164-176.

[9] Reynolds.Jr., M.R., Amin, RW., Arnold,J.C. Cusum
charts with variable sampling intervalg[J].
Technometrics, 1990, 32: 371-384.

[10] Reynolds.Jr., M.R., Amin, R.W.,, Arnold,J.C.,and
Nachlas, JA.. X charts with variable sampling
interval [ J). Technometrics, 1988, 30: 181-192.

[11] Saccucci,M.S, Amin, R.W., Lucas,J.M. Exponentially
weighted moving average control schemes with
variable sampling intervals[J]. Communications in
Satistics-Simulation and  Computation, 1992,
21:627-657.

[12] Yan Li,Xiaolong Pu and Fugee Tsung. adaptive
charting schemes based on double sequential probility
ratio tests[J].2009,21-39.

[13] Yu-Change Lin, Chao-Yu Chou. Non-normality and
the variable parameters x-bar charts [J]. European
Journal of Operational Research, 2007,176:361-373.

[14] Yu-Change Lin, Chao-Yu Chou. the variable

sampling rate x-bar control charts for monitoring

autococcelated process[J]. .Quality and Reiability

Engineering International, 2008, 24:855-870.

uli



